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I. Introduction

THERMOELASTIO behavior of sandwich plates has
been considered by many investigators. However, most
of these investigations pertain to the analysis of rectangular
plates. Thermal deflection of circular sandwich plates was
investigated by Bruun! and Huang and Ebeioglu,? but with
the restriction of rotational symmetry. Nonrotationally sym-
metrical bending of ecircular sandwich plates was considered
by the author?; however, no thermal effect was included in
the analysis.

In this paper the thermoelastic equations for the bending
of circular sandwich plates subjected to arbitrary tempera-
ture distribution are derived by means of the principle of
stationary complementary energy. To illustrate the use of
these equations an example, a clamped circular sandwich
plate subjected to arbitrary temperature distribution which
is expressible in the form of a double infinite series, is
presented.

The assumptions made in the presented analysis are as
follows. 1) Two faces are isotropic but may be different in
material, thickness, and temperature. The Poisson’s ratios
of the faces are the same. Bending rigidities of the individual
faces may be neglected. 2) The core is considered to be
isotropic and is assumed to take only the transverse shear
stress. 3) Small deflection theory is considered.

II. Analysis

Consider a ecircular sandwich plate of radius a consisting of
a core of thickness A and two faces of thickness, #; and &
(Fig. 1). The origin of the coordinate axes is located at the
ceuter of the plate. The stress couples and stress resultants
may be defined in terms of stresses as follows:

M, = omubhe — ontils (1a)
Mo = ogtohs — calihn (1b)
M. = —orglohs + orofihn (1e)
N, = ol + only (1d)

No = opts + oals (1e)
Nog = ol + owprls (1f)
Q- = 0:h,Qs = oph (1g)

where A; is the distance from the approximate neutral plane
to the center of the ith face (Fig. 1) and is defined by*

by =mlh + 1/2)( + )1/ + m) (2a)
by = [+ (1/2)(0 + )1/A +m) - (2b)
m = Eztz/E1t1 (20)

Figure 1 shows the positive directions of the stress resultants
and stress couples.
The equilibrium equations in this case are given by

ON./or + (1/r)ON,4/08 + (N, — Ng)/r = 0 3
ON,o/0r + (1/r)ONo/08) + 2(Nro/r) = 0 4)
9Q./dr + (1/r)0Qe/38 + Q./r = 0 (5)
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OM./or — (1/r)(@M,6/00) + (M, — Mo)/r — Q. = 0 (B)

OM.5/0r — (1/r)(@Mp/06) + 2M,0/r + Qs = 0  (7)
If M., M. Q. N., and N,g are the prescribed stress couples
and stress resultants at the boundary then the boundary
conditions at r = a are

M. =M, M= Mu,G. = Q, N, = N, Nwo=Ns (8

The complementary energy of the plate, in this case, may
be written as

]_ 27 a 2 tz
U= 5 j; .fo {z=21 ':E- (04 ~ 200,500 + 04:?) +

@

2(1 '+- V)ti
g o + a;Ti(ow + 094)] + % (o2 + asﬁl}rdrdﬂ
)
where
t:/2
N (10)

Solving for stresses from Egs. (1a-g) and substituting them
into Eq. (9) yields

1 27 a
U = 5 -fO j:) {Ol[Mﬁ — 2vlM. My + Mg] +

Co[2M.N, — 20(M.No + MoN,) + 2M¢Ngl +
C3[N.2 — 2N, Ng + No?] + 2(1 + »)CiM %9 —
41 + v)CasMoN 1o + 2(1 + v)CsN 52 +

M'f +]‘16 N7+N0
| —
* 12[ bl + ho) + (1l + m)j| +

M, + M, m(N, + Ny) 1
ol l:tz(]h —+ hz) t2(1 + m) ] + a}; [Qr2 + Qoz]}rdrdﬁ
1L
where
1 1
Cl B Evltlc2 + Eztgcz
1 m
() = —
: el +m) T B +my 2
2
Cs - " ¢c=h+ hy (12b)

- Eltl(l + m)2 + Eztz(l + m)"’ ’

Introducing Lagrangian multipliers u, », w, o, 8, & B, 4,
7, and 0, the auxiliary functional can be formulated asfollows:

B 2 o [ [ON. | 1 Ny | N, — No
I—U+.ﬁ)f0{u[br+r60+ T :|+

aNrB ]-_aNﬂ Nro aQr LO;QQ ;Q_[
v[br +7‘ o8 T2 r:|+wl:br +r Y] + r:l+
[DM, 10M, M,— My
o | S8 2 T 78

or r 0f r
B[DM,G 1 0M, M

—'Qr]+

or —;57—{—2 r

[ @, = M) + BT~ Ma) + 2, — N +
(N — Nog) + 0(@: — Q) ]lrma adf (13)

LA Qg]] rdrdd +

Carrying out the first variation of I, ie., 8/ = 0, and in-
tegrating by parts, the following Euler equations and the
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Fig.1 Element of plate.

A=yl

natural boundary conditions are obtained:

C(M, — vMy) + Co(N, — vNo) — 1_ a(""“) +24p=
(14)
CMo = ¥M.) + CoNo — w¥) — & 42 L a—ﬁ +P=0
(15)
21+ NGM, = 20+ 9O + - 2% - LD
00 roor
28-0 (16)
r
ColM, — vMo) + Co(N, — wNg) — 22D L % 4 g
r or r
(17
CoMy — M) + Cs(No — wN) — 222 % 1 g =0
rof r
(18)
20 + »)C3N.e — 21 + »)CoM o —
Low 106 , ,e0 _
r 06 r or ro 0 (19)
1/Gh) @ — a + w/r — (1/r)[d(wr)}/or = 0  (20)
(1/Gh) @ + B — (1/r)(0w/06) = 0 (21)
a=aB=Fu=av=>06w=watr=a (22)
where
_ Olsz _ 0[1T1 _ 1 a1T1 052—712
P = taC tlc’Q—l—}-m[tl Tm t2:l @3)

It can be readily seen that the Lagrange multipliers define
the displacement components of sandwich plate: « and B
are the rotations of the faces in the » and @ directions, res-
pectively, 4 and » are the displacements at the “neutral plane”
in 7 and @ directions, respectively, and w is the transverse
displacement of the sandwich plate.

Solving for the stress couples and the stress resultants from
Eqs. (14-21) yields

_ g, |02 @ 108y » _
M. = Ky {br +v<r 7 b@) (L + )k

9m+m—a+wm|@®

M=K%w—+——}¥—a+0P—

—Hm+m—a+wm}@@

N

2 dr r r 08 r9} (26)
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_ o [0a, T (e 108\ _

N,—KQ{aqué(r rae) (1 + »P —
%[er-i—vee—(l-l-V)Q]} 27
2

_ da  a 1068 _

Ne_K2{”ar+r rog ~ LENP
gﬂm+w—a+wm}@&
2

__(d=»K, [0 B _ 10«
Nep = = 2 {br r r df T, 6'0} (29)

Q- = Ghia + dw/or}, Qo = Gh{—B + (1/r)(Qw/d8)} (30)

where

= 1/[(C; — C*/CHA — v?)] (81)

= 1/[(C: — C:C:/C)(A — v?)] (32)

e = du/or (33)

€ = (1/r)(Qv/00) + u/r (34)

es = (1/r)0u/00 + dv/Or — v/r (35)

Equations (3) and (4) are satisfied identically by introducing
the Airy Stress Function F(r,0) such that

N, = (1/r0F/or + (1/r)0%F /362 (36)
No = 02 /ort (37)
Nyo = —(1/r)QF/ord8) + (1/r)(QF/38)  (38)

Solving for €, €, and €4 from Egs. (27-29) with the aid of
Egs. (36-38) and substituting them into Eqs. (24-26) yields

_p |02 a 10BY| _ _
e (22 )] e
1dF  12F) .
4;5 ﬁ£ﬂ<w

B da | a 108 _ o
MG_D{VD—T—I_T_TBG} (1 4+ »)DP S{ }

(40)
y._Lt=v o8 B 1o«
Mo=——D {br roor ae} +
1% | 10%
S{ r Ordf ﬁaez} (1)
where
D = 1/[Ci(1 — »)], 8 = Co/C, (42)

Substituting Eq. (30) into Eq. (5) and rearranging, becomes
i/r{[d(ar)]/or — 38/00} = — Vi (43)

Substituting Egs. (30) and (39-41) into Eqs. (6) and (7),
utilizing Eq. (43) and then solving for « and 8 yields

_Dbf_2a 1—»1047 _
a_Gh[ o VW T rao]
(1+v»DoP dw
Gh or or (44)
_D 1o 1—voy] _
B_Gh[ (Vo) + 2 br]
(lt+wDloP 1ow 0

Gh rof ' r o8
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where y is a new function defined by
¥ = (1/r)(0a/08) + 0B/or + B/r (46)
Introducing Eqs. (44) and (45) into Eq. (43) yields
Vi = —(1 4 »)V?P (47)

which is the first governing differential equation.
The substitution of Eqs. (44) and (45) into Eq. (46) leads
to the second governing differential equation

VA — g% =0 (48)
where
= 2Gh/[D(1 — »)] (49)

Combining the three strains components in Egs. (33-353) in
such a way as to eliminate the displacements u and v, one
obtains a compatibility equation in terms of strains. Solving
for the strains from Eqs. (27-29) with the aid of Eqs. (36-38)
and substituting them into the compatibility equation yields
the third governing differential equation

V4 = 1/(Ct — C,C3) [VHC,Q — CoP)] (50)
The general solutions of Eqs. (47) and (48) are

w = w, + (ag + ber? + Cyr? logr + do logr) +
(ar + bir® + Cur™! + dyr logr) cosf +

> (@ + baret2 o+ Cur™r 4 dar v *2) cosnf +

n=2

(aa'r + b'rd + Ci/r—t + d)r logr) sinnf +

Z (a."r + b/rn 2 4+ C/r7n + d,/r—»%2) sinnf  (51)
n=2

¥ = almr) + fiko(mr) = 3 fealu(ar) +

n=1

FuK(qr)] cosn + i len'Tn(nr) + fu' Ka(nr) 1 sinng  (52)

where w, is the particular solution whose form depends upon
the form of the quantities —(1 + »)V2P and V2[CiQ —
C,P]/1C? — C\Cs], respectively, and I, and K, are the modi-
fied Bessel function of first and second kinds, of order =,
respectively. The homogeneous solution for F takes the
same form as w except the integration constants.

III. Example

Consider a circular sandwich plate clamped along the
perimeter but free to move in the plane of the plate. The
boundary conditions to be applied at the support are

w=0,a=08=0F=00F/or=0atr=a (53)

It is assumed that the temperature-related quantities
—(1 + »)P and [C:Q — C.P]/[Cs* — C,C;] are expressible
in the following series form:5

@

—(+ »P =3 3 Purtcosnd + Y, > Pu'r* sinnd

n=0k=0 n=1k=0

(54)

= > > Qi cosnb + Z Z Qunr* sinn

G — CCs  #1=0k=0 n=1%=0

(55)

where the coefficients Pra, Pin’, Qin, and Q' are known. As
indicated by Forray and Newman,? the particular solution
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2 Prrk+2 sinnf

> s fork+2—n=0 (56
=1k - 1

1
2n (2n)?

ne
2 logr 1
3 Pu! [2—; — (2n)2:|rn sinnd, fork +2 —n = 0

]r" cosnf +

(57)

The particular solution for F takes the same form as w, ex-
cept P, and Py’ should be replaced by Qi and Q:.’, respec-
tively.

The integration constants are determined from Egs. (53)
with the aid of Egs. (44, 45, 56, and 57), and the condition
that the deflection and stress resultants remain finite at
r=0. Thus, fork +»n —~ 2 =0:

k —12— 2 a’cﬂ] n

hd P k
= [ — L+2 — gk t2
? k;o{(k-%—?)?l} T
* 1 k+2) —n
- — 1) grt2—npn
nz=:1(k+2)2——n2|:< 2, >a "

k42 —n gt rk+2:| [Pz;n cosné i|} (58)
Q. P sinn

2 8(n -+ na*l, P, sinn@
v=X X [ , ]

neok=0k + 2 —n)Q — v)(al..")Q. L — Prn cosnd

(59)

Ms

i ! |:/€ -n abFe—npn

- o(k+2>2—n2 2

k+2— Py, cosnf
- gk—npnt2 k+2 60
2 a m j] [P;m’ sinnﬁ:l (60)

and fork +2 —n = 0:
e 1 7 1 ) [ P, cosné
— 1 —_) - — n
v ngz k;o 2n {[ Og<a) anl ™ (I/?Qn}[Pkn, sinne]
(61
4(n + Da»—2, | Py, sinn
( ) |: % il (62)

nee oo (1 — v)(al' o) | — Pra cosn

(r 1 ] n r"”} [sz cosnd
ogl =) —— jm
& a Q, a*2.) | Pia' sinn@

i

g

I
Ms
Ma
| =
P
[ —

n=2k=04n

(63)

where

,_ 2L
Ina = IvL<nT) ]r:a, Ina = or ]r=a (64)
I, D

Q, = (Gh > dn(n + n (I M) - (Gha2> 4(n + m — 2
(65)

It should be noted that when G approaches infinity the
quantity Q. equal to —2 and the expression for w becomes
identical to the expression for a single layer plate without
shear deformation given in Ref. 5 as it should be.

Having obtained the expressions for w, ¥, and F, the ex-
pressions for stress resultants and the stress couples may be
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obtained from Eqgs. (36-38) and (39-41) with the aid of Eqgs.
(44) and (45).
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Heat Transfer and Pressure on a
Hypersonic Blunt Cone with Mass
Addition
C. C. Papras* axp GrorGE LEE*

NASA Ames Research Center, Moffett Field, Calif.

Nomenclature
B = dimensionless transpiration parameter, B = mAH /¢
AH = enthalpy potential
m = mass flow of transpiration gas per unit area
p = pressure on model surface
g = heat flux to model surface
g0 = heat flux to surface at zero transpiration
R = nose radius of model
S = surface distance along model measured from stagnation
point
U . = freestream velocity
pw = freestream density

Introduction

HE thermal protection of a hypersonic vehicle is often
accomplished by ablation or transpiration cooling tech-
niques. Secondary effects, such as changes in surface pres-
sure, can accompany the ablation or transpiration. In any
case, it 1s known that the molecular weight of the ablated or
transpired gases can strongly influence the heat transfer and

a —— .0284
0823

9By NJECTION, STAGNATION POINT

L b 1 1 1 L L L L L 1
0 4 8 l2 16 20 24 28 32 36. 40 44 48
S/R

Fig.1 Heat transfer with uniform argon injection.
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pressure on the vehicle. Information, in general, both ex-
perimental and theoretical, concerning this problem is quite
meager. Therefore, an experimental program was undertaken
(and a theoretical program instituted) to study this problem.
The theory has been described in Ref. 1. In the experimental
program, the effect of molecular weight of the injected gases
helium, air, argon, and freons (with molecular weight varia-
tion of 4-200) on the heat transfer and pressure on a blunt
cone was studied by the transpiration technique. All gases
were injected with an approximate uniform distribution along
the model. A portion of the experimental work, together
with some comparisons of the theories with typical data, will
be described herein.

Experimental Procedures

All of the tests that are reported here were conducted in a
hypersonic air stream at a nominal Mach number of 13.4,
total stream enthalpy near 2100 Btu/lb, and Reynolds num-
ber of 31,000 per {t. Mass flow rate of the injected gases
varied from zero to over 509, of the freestream mass flow.
In all cases, the higher injected gas flow rates were sufficient

to reduce stagnation point heat transfer to zero.

The test models were hemispherically blunted cones con-
sisting of a 1-in. nose radiuswith a 3.5-in.-long, 7.5° semivertex
angle conical afterbody. They were made of 349, porous
sintered nickel with a wall thickness of 0.1 in. Thermocouples
were spot welded on both inside and outside surfaces along
two opposite rays of the heat-transfer model. Pressure ori-
fices of up to 0.2 in. diam were located alternately along two
rays of the pressure model. Locations of thermocouples and
pressure orifices are indicated in the subsequent data pre-
sentation.

The cone wall thickness and porosity were selected to insure
uniform surface mass addition over the whole model for the
various external pressure distributions encountered during
the tests. Local and over-all transpiration rates were mea-
sured for the models. The variation of the local mass flow
rate measured over an 0.08 sq. in. area was within =109, of
the average value.

Heat transfer to the cone surface was obtained by measur-
ing the time-temperature history of the porous wall im-
mediately after the model was exposed to the high-speed air
stream. All pertinent model temperature measurements
were recorded during the 2-sec exposure time. Steady surface
pressures were measured at the pressure transducers within
approximately 1 see after the model was exposed to the tunnel
air stream.

Results and Discussion

An extensive amount of surface heat-transfer and pressure
data on porous cones with surface mass addition of helium,
air, argon, freon 22, freon 12, and freon C-318 was obtained
in the experimental program. In Ref. 1, theory was used to
calculate both surface heat transfer and pressure for the same
test bodies but for a limited set of test conditions with argon
and helium mass addition. Since an effort of this limited re-
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Fig.2 Heat transfer with uniform heliuvm injection.



